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Sphere Drag at Transonic Speeds and
High Reynolds Numbers

A. B. Bailey* and R. F. Starrt
ARO, Arnold Air Force Station, Tenn.

EASUREMENTS of sphere drag have been made in the

AEDC aeroballistics range ‘“G’’ over the Mach number
range 0.9 <M, <1.4 at a Reynolds number of approximately
109 These values of sphere drag were found to be larger than
the values derived from the experimental summary curves
presented in Ref. 1. The change in sphere drag with Mach
number near Mach 1, as well as with Reynolds number in ex-
cess of 103, is significant and care is required in establishing
summary curves. On the basis of these more. recent
measurements and those contained in Refs. 2 and 3, the sum-
mary curves presented in Ref. 1 have been reevaluated. A plot
of the revised values of sphere drag for.5x10% <Re, <10°
and 0.1 <M_ <1.75is presented in Fig. 1. The difference be-
tween the previous! and present values of sphere drag coef-
ficient at M,, =0.955 (Fig. 1) is representative of the changes
that have been made, in the Mach number range of 0.8 to 1.5.
Sphere drag coefficient is shown to increase with increasing
Reynolds number for 10° <=Re, = 10° for Mach numbers
ranging from 0.9 to 1.75 (Fig. 1).
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Fig. 1 Sphere drag coefficient variation with Mach and Reynolds
number.
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Fig.2 Revised analysis of sphere drag in the transonic regime.

The variation of the revised values of C, with M, for
Re, =106 are compared with the earlier values of Ref. 1 in
Fig. 2. These revised values show a stronger dependence of
Cp with M, for 0.955<M_, < 1.0 than the Re_ =10° values
presented in Ref. 1.
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Distribution Functions for Statistical
Analysis of Monodisperse Composite
Solid Propellant Combustion

Robert L. Glick*
Thiokol Corporation, Huntsville, Ala.

N Ref. 1 a statistical basis for describing additive free com-

posite propellant combustion was derived from continuity
considerations. In this approach all states of all oxidizer par-
ticles populating the burning surface are incorporated into a
rate defining expression through suitable distribution func-
tions. These functions define the fraction of oxidizer par-
ticle/fuel surface pairs possessing planar surface areas ¢, and
¢r such that (Nomenclature is the same as that of Ref. 1).

d2N=NF0fodEOXdEf (1)

In Ref. 1 the distribution functions F,, and F; were not
related to propellant formulation and oxidizer variables. The
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objective of this Note.is to show how these functions are
related to propellant formulation variables for propellants
with monodisperse, spherical oxidizer.

In this -analysis the propellant is assumed to be
homogeneous and isotropic above a suitable length scale and
oxidizer particles are assumed to.be randomly arranged. In
addition, the burning surface’s topography is assumed to be,
at most, a fuel plane with either convex and/or concave
oxidizer surfaces.t Since a physiochemical combustion model
‘is required to determine concavity or convexity of
deflagrating oxidizer surfaces, attention is directed herein at
the planar projection of oxidizer particle/fuel surface in-
tersections, The aforementioned propellant structural as-
sumptions are based on complete mixing of ingredients and
the cosmbustion model devised by 'Beckstread, Derr, and
Price.

With attention directed at planar intersections in a
propellant that is homogeneous and isotropic above some
length scale the distribution functions sought are identical to
those for intersections exposed by a planar cut through the
solid propellant. Since the volume fraction of oxidizer par-
ticles in the propellant is {= (7Dg /6) N,, the number of par-
ticles per unit volume is}

N,=6¢/(xDg) @
Referring to Fig. 1, let the center of gravity (CG) denote the
location of the sphere. Clearly, all particles intersecting S,
with 0 < X <¢ must have their CG’s in the volume indicated.
Therefore, the number of intersections with S, for which
O<sX=<(is - :
N,=IN, (3)
Consequently, the total number of intersections with S, is
N=6¢/nDg) @
and the number of intersections for which f= X = /{+ dlis
dN,=6¢dl/ (wDg) (5)
Equation (5) shows that all latitudes of intersections are
equally probable.§ Since S, ox/S, = {=¢&,,/V, the areal mean

planar intersection area for oxidizer particlesisé,x, =7 D § /6.
Therefore, the areal mean diameter of all intersections

Dox=~2/3D, ®)
Equations (4) and (6) agree with results employed by Ref. 3.
Since dN/di=NF,=N/D, and dN/de,, = NF
Fox=F(dt/de,y) )

Referring to Fig. 1 and applying the Pythagorean theorem to
triangle abc yields with some manipulation (=D,[I=+
1—4e,,/ (wD¢)1/2. Differentiation gives

A/ deo = 21/ [wDgN 1 — e,/ (vDy) 1 8)

Examination shows that ¢,, is doubly degenerate because
neither northern nor southern hemisphere intersections can be
distinguished solely from ¢,,. Consequently, df/de,, must be
counted twice and since F,, =0, the positive value employed.

1This surface structure will be termed quasiplanar.

1D = diameter of oxidizer particles.

§In Ref. 2 F,, was computed for monodisperse spheres under the
assumption (erroneous) that all e, were equally probable.
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Fig. 1 Intersection geometry.

Therefore,

Foyx=2/[7DJNT—4eoy/(xDF) | )

Equation (9) shows that F,, is unbounded for equatorial in-
tersections.

In the computation of the fuel distribution function there is
no characteristic dimension. Consequently, the constraints on
Fyareas follows

(I) Alle,are equally probable

aIn S;Ffdff——.l ' (10)

(111) S eF des=¢; (11)
o

The second constraint arises because § dN=N; the third con-
straint arises because the fraction of the planar surface S, that
is fuel is 1—¢. Since attention is focused on oxidizer par-
ticle/fuel surface pairs, the number of unit fuel surfaces is
given by Eq. (4). Therefore, since ¢, N= (I ~{).

&= (1-{)mDj/ (6%) 12)

Comparison of constraints I-1II with the basic constraints
involved with the statistical mechanics of ideal gases (identify
€; with particle energy)* shows they are equivalent. Con-
sequently, the general form of the distribution function is the
Boltzmann factor or

Fr=exp(—a)exp(—0B¢) (13)

where o and 8 are constants to be determined. Employing
Egs. (10)-(12) to evaluate o and 3 yields

Fr=exp[—(e,—¢}) / (&r—€f) 1/ (é,—¢f) (14)

Exact determination of ¢; is complicated by the intricate
central void geometry associated with the densest packing
possible (rhombohedral unit cell’). Consequently, an es-
timate is offered herein. The smallest subcell in the unit cell is
tetrahedral® so that a representative cross section is the area
circumscribed by three equidiameter circles with centers at the
apexes of an equilateral triangle. Therefore,

ej~D¢F (NV3—7) /8 (15)
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Since F,, is unbounded for equitorial intersections, €, is
degenerate, and all states are to be counted, the formulation
proposed in Ref. 1 is inconsistent and should be revised. The
length 0 <¢=<D, defines the time from initial oxidizer particle
exposure at the burning surface. Therefore, it uniquely

defines all states. Consequently, replacing F,de,, with Fy.,’

dff eliminates the aforementioned inconsistencies. This yields
Dy o
mox =NS0 Fox,yfox S ,mofodefa'F (16)
¢

Equation (16) should replace Eq. (7) of Ref. 1. Extension of
monodisperse distribution functions to polydisperse
situations is treated in Ref. 2.
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Free-Interface Methods of Substructure
Coupling for Dynamic Analysis

Roy R. Craig Jr.* and Ching-Jone Changt
The University of Texas, Austin, Tex.

Introduction

UBSTRUCTURE coupling methods have been developed
in order to reduce the number of coordinates in a dynamic
analysis of a complex structure, to permit analysis and design
of different portions of a structure to proceed independently,
and to permit testing of various portions of a structure to be
done independently. References 1 and 2 survey most of the
currently available methods with Ref. 2 providing numerical
comparisons of the accuracy of eigenvalues obtained by a
number of the methods. Substructure coupling methods can
be classified as fixed-interface methods, free-interface
methods, or hybrid methods, depending upon whether the
mode shapes used to define substructure coordinates are ob-
tained with the interface coordinates fixed, free, or a com-
bination of the two. As noted by Benfield, et al.? the fixed-
interface methods have been found to produce the best ac-
curacy, while the free-interface methods of Hou and Gold-
man produced the poorest accuracy.
Although accuracy, or rate of convergence, is an important
criterion to be used in selecting a substructure coupling
method, two other important criteria are: substructure in-

dependence and test compatibility. None of the methods sur-
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veyed in Ref. 2 satisfies all three of the aforementioned
criteria.

Several authors have suggested augmenting substructure
normal modes in order to improve the convergence of free-
interface methods.>% In the present Note a substructure
coupling method employing free-interface substructure nor-
mal modes supplemented by ‘‘reduced flexibility”’ will be
presented. The basic ideas for representing the substructures
are contained in the works of MacNeal* and Rubin.® The
purpose of the present Note is to present a discussion of sub-
structure coupling based on the improved substructure model
and to present numerical results comparing the present
method, which will be referred to as MacNeal’s method, with
Hou’s method. To simplify presentation of the method here,
the substructure equations are developed first for constrained
substructures. Then the equations representing substructures
with rigid-body modes are presented. Finally, the equations
for coupling of substructures are developed, and examples are
given.

Substructure Equations
Since the primary concern of this Note is to describe a sub-
structure coupling method for use in calculating system modes
and frequencies, only the equations of undamped vibration
will be considered. For a given substructure, these may be
written inthe form

e ) Lo G- L) o

where x; is the set of junction (interface) coordinates, x; is the
set of interior coordinates, and f; contains the forces trans-
mitted to the substructure through junction coordinates. The
free-interface modes are determined by the eigenvalue
equation

[k—Nim] ¢, =0 )
The modes will be assumed to be normalized so that
oL mao,=1, bL k ¢ =N\ 3)

and collected to form a modal matrix $.
A coordinate transformation relating physical coordmates,
x, to modal coordinates p is given by

x=q)p5‘pkpk+¢apa (4)

where &, p, is the contribution of modes which are kept. The
contribution &, p, will be replaced by an approximation.

When Eq. (4) is substituted into Eq. (1) there results a set of
n equations of the form

PatNopu=0L f; : &)

If harmonic motion is assumed, i.e., p=p cosw?, etc., Egs. (4)
and (5) may be combined to give

a=1 a=] —w

b 2 e 22l ©

a=ng+1

The last series represents the “‘residual flexibility’’ of modes
not explicitly kept. This can be obtained by subtracting from
the flexibility matrix, G=k ~, the contribution due to kept
modes. Then Eq. (6) may be written as

=%, p,+Gf @)



